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ON THE PROBLEM OF SPLITTING DEFORMATIONS OF SUPER
RIEMANN SURFACES
KOWSHIK BETTADAPURA
Abstract. An odd deformation of a super Riemann surface S is a deformation
of S by variables of odd parity. In this article we study the obstruction theory of
these odd deformations X of S. We view X here as a complex supermanifold in
its own right. Our objective in this article is to show, when X is a deformation of
second order of S with genus g > 1: if the primary obstruction class to splitting
X vanishes, then X is in fact split. This result leads naturally to a conjectural
characterisation of odd deformations of S of any order.
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1. Introduction
Super Riemann surfaces were first introduced by Friedan in [Fri86] in the context
of superstring theory. Following this, a flurry of activity took place with the aim of
establishing super Riemann surfaces as objects of independent, mathematical inter-
est. Some relevant articles are [CR88, RF88, FR90]. In these cited works one will
find, for super Riemann surfaces: Teichmüller theory, the uniformization principle,
projective embeddings; and a study of the moduli stack of super Riemann surfaces
Mg. It is Mg, which has come to find a resurgence of interest.
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A recent result of Donagi and Witten in [DW12, DW14] asserts: Mg, as an ob-
ject in supergeometry,1 is non-split in genus g ≥ 5.2 Such a result was suspected by
the theoretical physics community for some time. Indeed, in [FR90] a heuristic argu-
ment is provided for the non-splitness ofMg in genus g ≥ 3. Now whileMg motivates
our considerations in this article, we refrain from making any statements about Mg
itself. Our focus is on classifying the objects it parametrises: super Riemann surfaces.
A deformation of a super Riemann surface S is a complex supermanifold X contain-
ing S and equipped with a certain atlas reflecting the structure of S, which we call a
superconformal atlas. This viewpoint is inspired by that of Kodaira and Spencer in
their construction of deformations of compact, complex manifolds in [Kod86]. We are
guided throughout this article by the desire to understand the relationship between:
(i) the obstruction theory for deformations of S as a supermanifold and;
(ii) the deformation theory of S.
Obstruction theory for (complex) supermanifolds is motivated by the effort to classify
supermanifolds into two classes: split and non-split. In the early works of Berezin,
collected in [Ber87]; Green in [Gre82] and Manin in [Man88] a general framework is
established to address this classification problem. However, it is nevertheless quite
difficult to conclude when a given supermanifold will be split.
In this article we will deduce necessary and sufficient conditions for an odd, sec-
ond order deformation X to be split. That is, we prove (Theorem 4.4):
Theorem. An odd, second order deformation X of a super Riemann surface of genus
g > 1 is split if and only if its primary obstruction class vanishes.
To emphasize: supermanifolds of dimension (p|2) are classified by their primary
obstruction class. This is generally false in dimension (p|q) with q > 2 however, and
odd deformations X of second order have dimension (1|3). Hence the above result is
perhaps a little surprising. As it results directly from the superconformal structure
1in [Wit13, DW12] it is mentioned that Mg should be thought of as the analogue in supergeometry
to an orbifold or stack; or as a supermanifold twisted by a Z2-gerbe.
2In fact a stronger result is obtained: that a holomorphic projection of Mg to its reduced space is
obstructed. This implies Mg is itself non-split.
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on X it is natural to question whether the above theorem will hold in more generality
(Question 5.1).
Given that Mg is generally non-split, a greater understanding of split and non-split
structures in complex supergeometry is desirable.
1.1. Outline. This article is divided into three sections (excluding this introduction
and concluding remarks). In what follows we briefly summarise of each section.
Section 2 consists of preliminary theory concerning supermanifolds and super Rie-
mann surfaces. In Section 3 we consider odd deformations of super Riemann surfaces.
A study of them and their Kodaira-Spencer map is presented with a focus on odd
deformations of second order. We conclude with a construction of a non-split defor-
mation with vanishing Kodaira-Spencer map. In Section 4 we look at odd, second
order deformations as complex supermanifolds. Our main result on splitting these
deformations is Theorem 4.4 whose proof occupies much of this section.
Acknowledgements. The author would like to firstly acknowledge the Australian
National University where much of this work was undertaken; the anonymous referee
for useful suggests on the improvement of this article; and finally the Yau Mathemat-
ical Sciences Centre, Tsinghua University, where support was given while preparing
revisions of this article.
2. Preliminaries
2.1. Complex Supermanifolds. Many the concepts from geometry, both algebraic
and differential, generalise to the setting of supergeometry. Standard references in-
clude [Lei80, Ber87, Man88, DM99]. We will briefly summarise here some relevant
notions for our purposes in this article. We begin with that of a supermanifold:
Fix a rank q, holomorphic vector bundle E over a p-dimensional, complex mani-
fold M . Denote by E the sheaf of holomorphic sections of E. With this data we
define a complex supermanifold as follows:
Definition 2.1. A (p|q)-dimensional, complex supermanifold modelled on (M,E)
is a locally ringed space X(M,E) = (M,OM) where OM is globally Z2-graded and
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locally isomorphic to the sheaf of algebras ∧•E . The complex manifold M is called
the reduced space of X and the bundle E is called the modelling bundle of X
The space ΠE := (M,∧•E) will be a (p|q)-dimensional supermanifold, albeit a
particularly trivial one. It is referred to as the split model. Any supermanifold
X(M,E) modelled on a pair (M,E) will be locally isomorphic to ΠE. This fact serves
as a basis on which to start a program of classification.
Definition 2.2. A supermanifold X(M,E) is said to be split if it is isomorphic to ΠE.
Otherwise, it is said to be non-split. An isomorphism X(M,E)
∼=
→ ΠE, if one exists, is
referred to as a splitting map.
2.2. An Atlas for Supermanifolds. Just like manifolds, supermanifolds admit an
atlas consisting of a collection of open sets U = {U ,V, . . .}, charts U
∼=
→ Cp|q and
transition data. If (xµ, θa) (resp. (yµ, ηa)) denote coordinates on U (resp. V), then
on the intersection U ∩ V we can write:
yµ = ρµUV(x, θ) = f
µ
UV (x) +
∑
|I|>0
f
µ|2I
UV θ2I (2.2.1)
ηa = ρUV ,a(x, θ) = ζ
b
UV,a(x) θb +
∑
|I|>0
ζ2I+1UV,a (x) θ2I+1 (2.2.2)
where I is a multi-index and |I| its length; for I = (i1, . . . , in) that θI = θi1∧· · ·∧θin ;
by 2I (resp. 2I + 1) it is meant the multi-indices of even, resp. odd, length. If the
coefficient functions {(fµ|2IUV )}, resp. {(ζ
2I+1
UV,a )}, are holomorphic on the intersections
U ∩V then we say {ρUV} is holomorphic. The collection ϑ = {ρUV} are the transition
data of a complex supermanifold X. In this article we will term the pair (U, ϑ) at
atlas for X.
2.3. Splittings and Obstructions. A method to study the problem of whether a
given supermanifold is split was devised by Green in [Gre82] and elaborated on fur-
ther by Manin in [Man88] and Onishchik in [Oni99]. Rather than trying to construct
a splitting map, one considers studying instead the obstructions to the existence of
such a map. This leads then to a notion of ‘obstruction theory’ for supermanifolds.
In this article we will only be considered with what we term the primary obstruction
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class.3 For a supermanifold X we can write down its primary obstruction class di-
rectly from any atlas. More concretely, we have the following result, a justification
for which we leave to [Man88, p. 191] and [Bet16b, Ch. 2, 3].
Lemma 2.3. The primary obstruction class of X(M,E), denoted ω(M,E), is a class in
H1(M,∧2E⊗TM ). With respect to an atlas (U, ϑ) for X(M,E), a cocycle representative
{ωUV} for ω(M,E) is:
ωUV :=
∑
µ,i,j
f
µ|ij
UV θij
∂
∂yµ
. (2.3.1)
If ω(M,E) 6= 0, then X(M,E) is non-split. 
At this stage a useful observation is the following:
Lemma 2.4. If dimX(M,E) = (p|1), then X(M,E) is split. If dimX(M,E) = (p|2), then
X is split if and only if ω(M,E) = 0. 
In general for a (p|q)-dimensional supermanifold X(M,E) with q > 2, the van-
ishing of ω(M,E) implies the existence of higher obstruction classes, living in either
H1(M,∧2kE ⊗ TM) or H1(M,∧2k+1E ⊗ E∨), k > 2. The supermanifold X(M,E) will
be split if all of these higher obstruction classes to splitting vanish. For a more
comprehensive account of (higher) obstruction theory for supermanifolds we refer to
[Gre82, Oni99, DW12, DW14]. A study utilising atlases to study higher obstruction
theory is undertaken in [Bet16a, Bet16b].
2.4. Super Riemann Surfaces. The following definition of a superconformal struc-
ture on a (1|1)-dimensional supermanifold is taken from [DW12, p. 23], but can also
be found in [Fri86] and in [RSV88] where the term superconformal manifold is used.
Definition 2.5. Let S be a (1|1)-dimensional supermanifold and suppose D ⊂ TS
is a subsheaf of rank (0|1) such that the quotient bundle satisfies,
TS/D ∼= D
⊗2.
Then D is called a superconformal structure for S.
3This class is referred to also as the ‘first’ obstruction class to splitting in works such as [DW12,
DW14].
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Definition 2.6. A super Riemann surface is a (1|1)-dimensional supermanifold S
with: (1) reduced space a Riemann surface; and (2) a choice of superconformal
structure D. The genus g of S is defined to be that of its reduced space.
Not every (1|1)-dimensional supermanifold S will admit a superconformal struc-
ture. To illustrate we present the following characterisation which appears in [CR88].
Theorem 2.7. Any super Riemann surface S is modelled on the data of a genus g
Riemann surface C and a choice of spin structure ℓ on C, i.e., a line bundle ℓ on C
equipped with an isomorphism ℓ⊗2
∼=
→ Ω1C . 
For a super Riemann surface S, since dimS = (1|1), we have by Lemma 2.4:
Corollary 2.8. Any super Riemann surface S is split and can be written S = ΠΩ
1/2
C
for Ω
1/2
C a choice of spin structure on C. 
3. Deformations of Super Riemann Surfaces
3.1. Preliminaries. Deformation theory for complex superspaces more generally
was established by Vaintrob in [Vai90].4 There, deformation theory is developed from
a more algebraic viewpoint. Presently, we adopt a more Čech-theoretic construction
of deformations, motivated by the original work on deformations of compact, com-
plex manifolds by Kodaira and Spencer, as detailed in [Kod86].
Let ϕξ : C1|1 → C1|1 be a morphism with ξ ∈ C0|n. Write ϕξ = (ϕ+ξ , ϕ
−
ξ ), where:
ϕ+ξ = λ+ λ
ij ξij + λ
ijkl ξijkl + . . .+ f
i ξiθ + f
ijkξijklθ + . . .
ϕ−ξ = ζ θ + ζ
ij ξijθ + . . .+ ψ
iξi + ψ
ijk ξijk + . . .
The coefficients λI , f I , ζI , ψI are all functions of x. In setting ξ = (ξ1, . . . , ξn), we
have more succinct notation:
ϕ+ξ = λ(x, ξ) + f(x, ξ)θ and ϕ
−
ξ = ζ(x, ξ)θ + ψ(x, ξ). (3.1.1)
The following result is well-known and can be found, for instance, in [CR88].
4However, as pointed out by Donagi and Witten in [DW14, pp. 29-30], it is a more subtle issue to
construct deformations of non-split superspaces.
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Lemma 3.1. The morphism ϕξ is superconformal if and only if
ζ2 =
∂λ
∂x
+ ψ
∂ψ
∂x
and f = ζ · ψ.

Definition 3.2. A family of superconformal morphisms ϕ = {ϕξ}ξ∈C0|n is said to be
a superconformal morphism of order n.
Definition 3.3. Fix a super Riemann surface S = ΠΩ1/2C . An atlas (U, ϑ) for a
supermanifold X with Xred = C is said to be superconformal and of order n with
respect to S if:
(i) the data ϑ comprises a collection of families of superconformal morphisms
{ρUV ;ξ}U ,V∈U of order n and;
(ii) at ξ = 0 we have: {ρUV ;ξ|ξ=0} = {ρUV} where {ρUV} are the transition data for
the given super Riemann surface S.
Definition 3.4. An odd, n-th order deformation of a super Riemann surface S is a
supermanifold X which admits a superconformal atlas of order n with respect to S.
Remark 3.5. Odd deformations of order n = 1 are referred to as infinitesimal. These
deformations have been well studied. For S = ΠΩ1/2C fixed, the infinitesimal defor-
mations are classified by H1(C, T 1/2C ). References for this include [CR88, DW12].
For a detailed treatment we refer also to [Bet16b, Chapter 6].
Remark 3.6. In the physics literature, a deformation of a super Riemann surface
as we have given in Definition 3.4, is itself referred to as a super Riemann surface.
See for instance the definition in [CR88, p. 603].
For X an odd, n-th order deformation of a super Riemann surface S there will
exist a morphism of supermanifolds πX : X → C0|n. This morphism is given locally
by a projection (x, θ, ξ) 7→ ξ and can be identified with S at 0, i.e, π−1X (0) = S ⊂ X .
Evidently X will be a complex supermanifold of dimension (1|n+ 1).
3.2. The Superconformal Atlas n = 2. The goal of the present section is to set-
up the preliminary theory with which to study odd deformations of second order in
more detail. We begin by taking a closer look at Lemma 3.1.
8 KOWSHIK BETTADAPURA
Illustration 3.7. Suppose n = 2 and let ϕξ : C
1|1 → C1|1 be a superconformal
morphism with ξ = (ξ1, ξ2) ∈ C
0|2. Write ϕ as in (3.1.1) where,
λ(x, ξ) = λ0(x) + λ12(x) ξ12 f(x, ξ) = f
1(x) ξ1 + f
2(x) ξ2
and similarly,
ζ(x, ξ) = ζ0(x) + ζ12(x) ξ12 and ψ(x, ξ) = ψ
1(x) ξ1 + ψ
2(x) ξ2.
Then from Lemma 3.1, since ϕξ is superconformal, we have the relations:
(ζ0)2 =
∂λ0
∂x
; f i = ζ0ψi. (3.2.1)
and
∂
∂x
λ12 = 2ζ0ζ12 −
∂ψ1
∂x
ψ2 + ψ1
∂ψ2
∂x
(3.2.2)
Hence any solution to (3.2.1) and (3.2.2) will define a superconformal morphism of
C1|1 over C0|2.
Now consider a superconformal atlas (U, ϑ), where ϑ = {ρξ} is given by (3.3.1)
and (3.3.2). For convenience we recall this below. Firstly:
ρ+UV ;ξ = fUV + f
i
UV ξiθ + g
12
UV ξ12 and; (3.2.3)
ρ−UV ,ξ = ζUV θ + ψ
i
UV ξi + ζ
12
UV ξ12θ. (3.2.4)
In order for ρξ = {ρUV ;ξ} to be superconformal we require the conditions in (3.2.1)
and (3.2.2) to hold. That is, on the intersections U ∩ V :
∂fUV
∂x
= ζ2UV ; f
i
UV = ζUVψ
i
UV ; (3.2.5)
and
∂g12UV
∂x
= 2ζUV ζ
12
UV −
(
∂ψ1UV
∂x
ψ2UV − ψ
1
UV
∂ψ2UV
∂x
)
(3.2.6)
We wish to now identify the conditions under which (U, ϑ) will patch together to give
an atlas for a deformation X → C0|2 of S. This means the cocycle condition must
be satisfied. In even and odd components this condition states that on intersections
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U ∩ V:
ρ+VU ◦ ρUV = id and ρ
−
VU ◦ ρUV = id; (3.2.7)
and on triple intersections U ∩ V ∩W:
ρ+UW = ρ
+
VW ◦ ρUV and ρ
−
UW = ρ
−
VW ◦ ρUV . (3.2.8)
We will investigate the cocycle condition on intersections and triple intersections
separately in what follows.
3.2.1. On Intersections.
Lemma 3.8. Let ϑ = {ρξ} where ρξ = {ρUV ;ξ} is superconformal. If (U, ϑ) defines
an atlas for a supermanifold X , then on all non-empty intersections U ∩ V ,
g12UV = −ζ
2
UV g
12
V U and; (3.2.9)
ζ12UV = −ζ
2
UV ζ
12
V U −
∂ζUV
∂x
g12V U . (3.2.10)
Proof. On a single open set U we have ρUU(x, θ) = id which implies:
f iUU = g
12
UU = 0 and ψ
i
UU = ζ
12
UU = 0. (3.2.11)
We will consider firstly the even component in what follows. In imposing (3.2.7) and
using (3.2.11) we find,
∂fV U
∂y
f iUV = −f
i
V UζUV ; (3.2.12)
and
∂fV U
∂y
g12UV = −g
12
V U − f
1
V Uψ
2
UV + f
2
V Uψ
1
UV . (3.2.13)
In using (3.2.5) and (3.2.12) we will straightforwardly deduce (3.2.9) from (3.2.13).
Regarding the odd component: as we are assuming ρξ is superconformal, we know
that (3.2.6) must hold. Now as we have justified (3.2.9), we are at liberty to use this
in what follows. Firstly, from (3.2.12) and (3.2.5) we have
ψiUV = −ζUV ψ
i
V U . (3.2.14)
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Now starting from (3.2.6):
2ζUV ζ
12
UV =
∂g12UV
∂x
+
∂ψ1UV
∂x
ψ2UV − ψ
1
UV
∂ψ2UV
∂x
= − 2ζUV
∂ζUV
∂x
g12V U − ζ
4
UV
∂g12V U
∂y
+ ζUV
∂ζUV
∂x
ψ1V Uψ
2
V U + ζ
4
UV
∂ψ1V U
∂y
ψ2V U
− ζUV
∂ζUV
∂x
ψ1V Uψ
2
V U − ζ
4
UV ψ
1
V U
∂ψ2V U
∂y
= − 2ζUV
∂ζUV
∂x
g12V U − ζ
4
UV
(
∂g12V U
∂y
−
∂ψ1V U
∂y
ψ2V U + ψ
1
V U
∂ψ2V U
∂y
)
= − 2ζ3UV ζ
12
V U − 2ζUV
∂ζUV
∂x
g12V U .
The identity in (3.2.10) now follows. 
Corollary 3.9. If the data (U, ϑ) from Lemma 3.8 defines an atlas for an odd, second
order deformation X of a super Riemann surface S, then
∂g12UV
∂x
= 2ζUV ζ
12
UV . (3.2.15)
Proof. We want to show:
∂ψ1V U
∂y
ψ2V U =
∂ψ2V U
∂y
ψ1V U . (3.2.16)
Recall that the relation for ζ12 on intersections in (3.2.10) was obtained by appealing
to the equation (3.2.6) characterising superconformality. In appealing directly to the
transition data and enforcing (3.2.8) however, we will obtain another relation for ζ12
on intersections. It is:
ζ12UV = −ζ
2
UV ζ
12
V U −
∂ζUV
∂x
g12V U − ζ
4
UV
(
∂ψ1V U
∂y
ψ2V U − ψ
1
V U
∂ψ2V U
∂y
)
(3.2.17)
In comparing (3.2.17) with (3.2.10) the identity in (3.2.16) follows. 
We turn now to (3.2.8) concerning triple intersections.
3.2.2. On Triple Intersections.
ON THE PROBLEM OF SPLITTING DEFORMATIONS OF SUPER RIEMANN SURFACES 11
Lemma 3.10. Let ϑ = {ρξ} where ρξ = {ρUV ;ξ} is superconformal. If (U, ϑ) defines
an atlas for a supermanifold X , then f i = {f iUV } and ψ
i = {ψiUV } define 1-cocycles
valued in T
1/2
C .
Proof. This follows immediately from expanding (3.2.8). For f i we find,
f iUW =
∂fVW
∂y
f iUV + ζUV f
i
V W or f
i
UWθ
∂
∂z
= f iUV θ
∂
∂y
+ f iV W η
∂
∂z
(3.2.18)
where z denotes the local even coordinate on W . The latter expression shows that
f i will be a 1-cocycle. Similarly, for ψi we will find
ψiUW
∂
∂γ
= ψiUV
∂
∂η
+ ψiV W
∂
∂γ
. (3.2.19)
for γ the local odd coordinate onW . Hence ψi will be a 1-cocycle also. Alternatively,
given (3.2.18) and the superconformal conditions in (3.2.5), we will recover (3.2.19)
and vice-versa which shows that they must both be 1-cocycles valued in the same
sheaf, which is T 1/2C . 
Perhaps more interesting is the 1-cochain g12 = {g12UV }. From (3.2.9) in Lemma
3.8 and superconformality we know that g12 ∈ C1(U, TC). In order for it to be a
TC-valued 1-cocycle however, it is necessary for (δg12)UVW = 0. We will see that this
will not be true in general.
Proposition 3.11. Let ϑ = {ρξ} where ρξ = {ρUV ;ξ} is superconformal. If (U, ϑ)
defines an atlas for a supermanifold X , then on U ∩ V ∩W
g12UW
∂
∂z
− g12UV
∂
∂y
− g12VW
∂
∂z
= (ψ1 ⊗ ψ2 − ψ2 ⊗ ψ1)UVW (3.2.20)
Proof. Expanding (3.2.8) we find
g12UW =
∂fVW
∂y
g12UV + g
12
VW + ψ
2
UV f
1
VW − ψ
1
UV f
2
VW
=
∂fVW
∂y
g12UV + g
12
VW + ζVW
(
ψ2UV ψ
1
VW − ψ
1
UV ψ
2
VW
)
.
Now from the general theory of tensor-products of sheaves of abelian groups A and
B we have on the cochains a map Cp(U,A)⊗Cq(U,B)→ Cp+q(U,A⊗B). This map
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is given by concatenation and so on the 1-cocycles ψ1, ψ2 we have
(ψ1 ⊗ ψ2)UVW = ψ
1
UV ψ
2
V W
∂
∂η
⊗
∂
∂γ
= ζVWψ
1
UV ψ
2
V W
∂
∂γ
⊗
∂
∂γ
≡ ζVWψ
1
UV ψ
2
VW
∂
∂z
(3.2.21)
where in (3.2.21) we have used the isomorphism T 1/2C ⊗T
1/2
C
∼= TC to identify (∂/∂γ)⊗
(∂/∂γ) with ∂/∂z over W . The present proposition now follows. 
Remark 3.12. The constraint in (3.2.20) can always be satisfied on Riemann sur-
faces since: (1) we know from the proof of Proposition 3.11 that the right-hand side
of (3.2.20) will be a 2-cocycle; (2) that the left-hand side of (3.2.20) is the cobound-
ary of a 1-cochain; and (3) that H2(C,A) = 0 for any sheaf of abelian groups A for
dimensional reasons.5
Regarding ζ12, there is little to say about this object on triple intersections. For
our purposes in this article, the characterisation in Corollary 3.9 will be sufficient.
We turn now to the construction of the Kodaira-Spencer map for these deformations.
3.3. The Kodaira-Spencer Map. An odd, n-th order deformation X has dimen-
sion (1|n+ 1). It will admit a superconformal atlas (U, ϑ), for ϑ = {ρξ}ξ∈C0|n and:
ρ+UV ;ξ = fUV + f
i
UV ξiθ + f
ijk
UV ξijkθ + . . .+ g
ij
UV ξij + . . . and (3.3.1)
ρ−UV ,ξ = ζUV θ + ζ
ij
UV ξijθ + . . .+ ψ
i
UV ξi + ψ
ijk
UV ξijk + . . . (3.3.2)
From this atlas we can construct the following vector on each intersection:
KSUV ;0 =
(
KS1UV ;0, . . . ,KS
n
UV ;0
)
(3.3.3)
5If we were in a more general setting where the object under deformation had (even) dimension
greater than one, the bracket [ψ1, ψ2] on the right-hand side of (3.2.20) would represent an obstruc-
tion to the existence of a deformation.
ON THE PROBLEM OF SPLITTING DEFORMATIONS OF SUPER RIEMANN SURFACES 13
where
KSaUV ;0 = (ϑUV)∗
(
∂
∂ξa
)∣∣∣∣
ξ=0
= faUV (x) θ
∂
∂y
+ ψaUV
∂
∂η
. (3.3.4)
In light of Lemma 3.10, which clearly holds for deformations of any order, we see that
the 1-cochain {KSaUV ;0} will be a 1-cocycle on U valued in T
1/2
C . The Kodaira-Spencer
class of X is defined as follows.
Definition 3.13. Let X be a deformation of a super Riemann surface S. The a-th
Kodaira-Spencer class of X , denoted KSa0(πX )(∂/∂ξ), is the class
KSa0(πX )
(
∂
∂ξ
)
:=
[
lim
−→
U
{
∂ϑUV
∂ξa
∣∣∣∣
ξ=0
}]
for (U, ϑ) is a superconformal atlas of X .6 The square brackets [−] denote ‘cohomol-
ogy class’. We denote by KS0(πX )( ∂∂ξ ) the vector (KS
a
0(πX )(
∂
∂ξa
)).
It is more natural to study the Kodaira-Spencer map, KS0(πX ), which is the fol-
lowing C-linear map,
KS0(πX ) : T0C
0|n −→ H1(C, T
1/2
C )
⊕n given by
∂
∂ξ
7−→ KS0(πX )
(
∂
∂ξ
)
.
For odd, infinitesimal deformations X , the image of the Kodaira-Spencer map can
be identified with the primary obstruction class of X . This can be inferred from
Donagi and Witten’s example of a non-split deformation in [DW12, pp. 32-3] and
is discussed in more detail in [Bet16b, Ch. 6]. In particular, we find: if X is an
odd, infinitesimal deformation, it will be split if and only if its Kodaira-Spencer map
vanishes. A natural question concerns the analogous statement for deformations of
higher order.
We shall see in the following section that the analogous statement will not hold in
general.
6The limit over U is taken over common refinement on the underlying space Xred. Indeed, for the
kinds of supermanifolds considered in this article, their topology is concentrated in their reduced
part.
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3.4. Non-Split Deformations of Second Order. As a result of our deliberations
so far, we can be assured that the following construction of an atlas will define an
odd deformation of second order since it will be superconformal.
Construction 3.14. Let Θ ∈ H1(C, T
1/2
C ) be fixed and denote by {ΘUV } a 1-cocycle
representative with respect to a cover U of C. Consider data (U, ϑ), where ϑ = {ρξ}
is given by,
ρ+UV ;ξ = fUV +
1
2
ζUVΘUV (ξ1 + ξ2)θ; and ρ
−
UV ,ξ = ζUV θ +
1
2
ΘUV (ξ1 + ξ2).
Suppose f ′ = ζ2. Then the data (U, ϑ) will define an atlas for an odd, second order
deformation X of a super Riemann surface S. Moreover, by (3.3.4) we see that
KSi0(πX ) = Θ for i = 1, 2.
Lemma 3.15. Let C be a Riemann surface with H1(C, TC) 6= 0. Then there ex-
ist non-split, second order deformations of S = ΠΩ
1/2
C whose Kodaira-Spencer map
vanishes.
Proof. Consider the example of an odd, second order deformation X in Construction
3.14. Observe for the superconformal atlas (U, ϑ) for X that the right-hand side of
(3.2.20) will vanish identically. Hence if g12 = {g12UV } is a 1-cocycle which defines a
non-trivial element in H1(C, TC), the data ϑ˜ = {ρ˜ξ} given by
ρ˜+UV = ρ
+
UV + g
12
UV ξ12 and ρ˜
−
UV = ρ
−
UV +
1
2
ζ−1UV
∂g12UV
∂x
ξ12θ
will define a superconformal atlas for another odd, second order deformation X˜ .
From the expression of the Kodaira-Spencer class in (3.3.4) note that if X is such
that KS0(πX ) = 0, then KS0(πX˜ ) = 0. Take representatives {ΘUV } = 0. Then from
Lemma 2.3 see that g12 will be a cocycle representative for the primary obstruction
class of X˜ . Since we assume g12 ≁ 0, we see that X˜ will be an odd, second order
deformation of S whose Kodaira-Spencer map vanishes and yet is non-split. 
4. Splitting Odd Second Order Deformations
In this section we look to relate the Kodaira-Spencer map of a second order defor-
mation X with its primary obstruction class.
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4.1. Exterior Powers and the Obstruction Class. Our starting point is the
following preliminary result regarding exterior powers of sheaves of modules from
[Har77, pp. 127-8]:
Lemma 4.1. Let (X,OX) be a locally ringed space and suppose A →֒ E ։ B is a
short exact sequence of locally free sheaves of OX-modules. Then the k-th exterior
power ∧kE admits a finite filtration,
∧kE ⊇ F1 ⊇ F2 ⊇ · · · ⊇ Fk ⊇ 0
with successive quotients satisfying
F l/F l+1 ∼= ∧lA⊗ ∧k−lB
for l = 0, . . . , k. 
Now fix an odd, second order deformation X of a super Riemann surface S = ΠΩ1/2C
and denote by E the modelling bundle of X . As X is (1|3)-dimensional, we know that
E will have rank 3. From Lemma 3.10 we can infer that E will fit into the following
short exact sequence,
0→ C⊕2C →֒ E ։ Ω
1/2
C → 0.
where CC is the structure sheaf of the underlying Riemann surface C. Regarding
the primary obstruction class of X , recall from Lemma 2.3 that it will be valued in
H1(C,∧2E ⊗TC). Hence we are interested here in ∧2E . From Lemma 4.1 we see that
∧2E will admit a finite filtration ∧2E ⊇ F1 ⊃ F2 ⊇ 0 with successive quotients,
F0/F1 = 0 F1/F2 ∼= Ω
1/2
C ⊕ Ω
1/2
C ; and F
2 ∼= CC .
This leads to the following short exact sequence,
0→ CC →֒ ∧
2E ։ Ω
1/2
C ⊕ Ω
1/2
C → 0
which in turn gives
0→ TC
ι
→֒ ∧2E ⊗ TC
p
։ T
1/2
C ⊕ T
1/2
C → 0. (4.1.1)
Denote by ι∗ and p∗ the corresponding induced maps on cohomology.
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Before presenting the next result, it will be useful to define the following: on each
non-empty intersection U ∩ V set,
gUV :=
∂2ϑ+UV
∂ξ2∂ξ1
⊗
∂
∂y
.
As defined, we have g(U,ϑ) := {gUV} = {g12UV ∂/∂y}. It is a TC-valued 1-cochain on
U. We have included the subscript (U, ϑ) to emphasize that this object generally
depends on the atlas (see Proposition 3.11).
Proposition 4.2. Let X be an odd, second order deformation of a super Riemann
surface S with genus g > 1 and primary obstruction ωX . Then,
(i) p∗ωX = im
(
1
2
KS0(πX )
)
; and
(ii) If p∗ωX = 0, then in any superconformal atlas (U, ϑ) for X , we have δg(U,ϑ) = 0.
Proof. At the level of cocycles with respect to a covering, recall the expression for the
cocycle representative of the obstruction class ωX in (2.3.1) in Lemma 2.3. Compar-
ing this with the cocycle representative for the image of the Kodaira-Spencer class in
(3.3.4) and using the relation in (3.2.5) from superconformality confirms (i). As for
(ii), we know by exactness of the long exact sequence on sheaf cohomology that ωX
will be in the image of some class α in H1(C, TC). Given α, one can take any cocycle
representative of α with respect to a covering U, say {αUV }, and write down an atlas
(U, ϑ) for X as in, for instance, the proof of Lemma 3.15. The subtlety lies in the
converse statement: given any atlas (U, ϑ) for X with ϑ superconformal, there will
generally be an obstruction to solving δg(U,ϑ˜) = 0 as can be seen from Proposition
3.11. We will argue however that this obstruction must naturally vanish.
Firstly, by (i) we see p∗ωX = 0 means KS0(πX ) = 0. Hence for representatives
ψi = {ψiUV } of the Kodaira-Spencer class in a covering U we have ψ
i = δσi, for
some 0-cochain σi ∈ C0(U, T 1/2C ). We now have the following computation on triple
intersections U ∩ V ∩W :
[ψ1, ψ2]UVW = [δσ
1, δσ2]UVW
= (σ1V − σ
1
U)⊗ (σ
2
W − σ
2
V )− (σ
2
V − σ
2
U)⊗ (σ
1
W − σ
1
V )
= [σ1, σ2]UW − [σ
1, σ2]UV − [σ
1, σ2]VW (4.1.2)
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where [σ1, σ2]UV := σ1U ⊗ σ
2
V − σ
2
U ⊗ σ
1
V . Our objective will be to argue that in fact
[σ1, σ2]UV = 0. To see this it will be convenient to write ψi = δσi more explicitly.
We have,
ψiUV
∂
∂η
= σiV
∂
∂η
− σiU
∂
∂θ
=
(
σiV − ζUV σ
i
U
) ∂
∂η
.
Hence ψiUV = σ
i
V − ζUV σ
i
U . Now since (U, ϑ) is superconformal, we have the identity
from Corollary 3.9 which we recall below for convenience:
∂ψ1UV
∂x
ψ2UV = ψ
1
UV
∂ψ2UV
∂x
. (4.1.3)
This gives
∂ψiUV
∂x
= ζ2UV
∂σiV
∂y
−
∂ζUV
∂x
σiU − ζUV
∂σiU
∂x
.
From (4.2.9) we then find:
∂ζUV
∂x
(
σ2Uσ
1
V − σ
1
Uσ
2
V
)
+O(ζUV ) = 0 (4.1.4)
where O(ζUV ) denotes terms proportional to powers of ζUV .
Now recall that ζ are the transition functions for the spin structure Ω1/2C . When
C has genus g > 1, this bundle will be non-trivial and so ζ will be non-constant.
Therefore the powers of ζ will be algebraically independent and so, in order to impose
(4.1.4), it is necessary to have [σ1, σ2]UV = 0. As (4.2.9) must apply in every non-
empty intersection U ∩ V , we see that [σ1, σ2] = 0 and therefore [ψ1, ψ2] = 0 by
(4.1.2). Part (ii) of this proposition now follows from Proposition 3.11. 
We learn from Proposition 4.2 above that in the case where the Kodaira-Spencer
map of the deformation X vanishes, the object g(U,ϑ) will not depend on the atlas
(U, ϑ). Hence lim
−→U
g(U,ϑ) will define a cohomology class g(πX ) ∈ H1(C, T
1/2
C ). From
the exact sequence in (4.1.1) we see that ωX = ι∗g(πX ). We conclude now with the
following result concerning the vanishing of ωX .
Proposition 4.3. (i) If KS0(πX ) = 0 and g(πX ) = 0, then ωX = 0; (ii) Conversely,
if X is an odd, second order deformation of a super Riemann surface S of genus
g > 1, then ωX = 0 implies both KS0(πX ) = 0 and g(πX ) = 0.
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Proof. Part (i) of this corollary follows immediately from Proposition 4.2. As for part
(ii), that ωX = 0 implies KS0(πX ) = 0 is clear. As for ωX = 0 implying the vanishing
of g(πX ), this follows from the fact that H0(C, T
1/2
C ) = 0 in genus g > 1 since here
T
1/2
C will be a line bundle of negative degree. This fact implies in particular that the
map induced on cohomology ι∗ : H1(C, TC) → H1(∧2E ⊗ TC) from the short exact
sequence in (4.1.1) will be injective. Hence if ωX = ι∗g(πX ) and ωX vanishes, g(πX )
must vanish also. 
4.2. On Splitting Deformations of Second Order. We conclude this article
with the following result and its proof, concerning sufficiency conditions on splitting
a deformation of second order.
Theorem 4.4. Let X
piX→ C0|2 be a deformation of a super Riemann surface S with
genus g > 1. Then X is split if and only if its primary obstruction class, ωX ,
vanishes.
Proof. If X is split then obviously the obstruction class to splitting X vanishes. The
main difficulty in proving the converse is in ensuring, upon assuming ωX vanishes,
that the second obstruction class to splitting necessarily vanishes also. We have
not discussed higher obstruction theory in this article as it would be superfluous.
Instead, in what follows, we will just construct an explicit splitting map.
Our method is to show, under the assumption ωX = 0 and the genus g > 1, that
any superconformal atlas can be split.
4.2.1. Preliminaries: The Splitting Equations. We begin with the following prelimi-
nary result which allows us to justify our methods:
Lemma 4.5. Let X be a supermanifold. Then X is split if and only if there exists:
(i) an atlas (U, ρ) for ρ as in (2.2.1) and (2.2.2) and;
(ii) a 0-cochain Λ = {ΛU}U∈U of automorphisms;
such that on all non-empty intersections U ∩ V:
ΛV ◦ ρUV = ρˆUV ◦ ΛU (4.2.1)
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where {ρˆUV} are the transition functions of the split model of X:
ρˆµUV(x, θ) = f
µ
UV (x) and ρˆUV ;a(x, θ) = ζ
b
UV,a(x) θb.
The 0-cochain Λ is referred to as a splitting map.
Proof. This lemma is in essence a restatement of the original classification of super-
manifolds by Green in [Gre82], using Čech cohomology of non-abelian groups. We
omit the details here. 
We will firstly describe a slight generalisation of Lemma 4.5 above. Given an atlas
(U, ϑ), we can write the even and odd components as
ρ+UV ;ξ = fUV + f
i
UV ξiθ + g
12
UV ξ12; and (4.2.2)
ρ−UV ;ξ = ζUV θ + ψ
i
UV ξi + ζ
12
UV ξ12. (4.2.3)
We aim to compare this with another atlas (U, ϑ˜), where ϑ˜ = {ρ˜UV ;ξ} is given by
ρ˜+UV ;ξ = fUV + f˜
i
UV ξiθ + g˜
12
UV ξ12; and
ρ˜−UV ;ξ = ζUV θ + ψ˜
i
UV ξi + ζ˜
12
UV ξ12.
Let Λ = {ΛU} be a 0-cochain of automorphisms of U, where
Λ+U = x+ λ
i
Uξiθ + λ
12
U ξ12 and Λ
−
U = θ + φ
i
Uξi + φ
12
U ξ12θ.
The atlases (U, ϑ) and (U, ϑ˜) will be equivalent, i.e., describe isomorphic superman-
ifolds, iff there exists a 0-cochain Λ as above such that
Λ±V ◦ ρUV = ρ˜
±
UV ◦ ΛU (4.2.4)
on all non-empty intersections U ∩ V.
In expanding the left- and right-hand sides of (4.2.4) respectively we find, for the
even component:
LHS(4.2.4)+ = fUV +
(
f jUV + ζUV λ
j
V
)
ξjθ +
((
λ1V ψ
2
UV − λ
2
V ψ
1
UV
)
+ g12UV + λ
12
V
)
ξ12;
RHS(4.2.4)+ = fUV +
(
∂fUV
∂x
λjU + f˜
j
UV
)
ξjθ +
(
f˜ 1UV φ
2
U − f˜
2
UV φ
1
U + g˜
12
UV +
∂fUV
∂x
λ12U
)
ξ12.
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And for the odd component we have:
LHS(4.2.4)− = ζUV θ +
(
ψjUV + φ
j
V
)
ξj
−
((
∂φ1V
∂x
f 2UV −
∂φ2V
∂x
f 1UV
)
− ζ12UV − ζUV φ
12
V
)
ξ12θ;
RHS(4.2.4)− = ζUV θ +
(
ζUV φ
j
U + ψ˜
j
UV
)
ξj
−
((
∂ψ˜1UV
∂x
λ2U −
∂ψ˜2UV
∂x
λ1U
)
− ζ˜12UV −
∂ζUV
∂x
λ12U − ζUV φ
12
U
)
ξ12θ.
Then in order to solve (4.2.4), we will need to solve the following collection of equa-
tions for the coefficients of the transition functions {ρ˜UV ;ξ}:
f˜ jUV − f
j
UV = ζUV λ
j
V −
∂fUV
∂x
λjU ; (4.2.5)
ψ˜jUV − ψ
j
UV = φ
j
V − ζUV φ
j
U ; (4.2.6)
g˜12UV − g
12
UV = λ
12
V −
∂fUV
∂x
λ12U
+
(
λ1V ψ
2
UV − λ
2
V ψ
1
UV
)
−
(
f˜ 1UV φ
2
U − f˜
2
UV φ
1
U
)
; (4.2.7)
ζ˜12UV − ζ
12
UV = ζUV φ
12
V − ζUV φ
12
U −
∂ζUV
∂x
λ12U
+
((
∂ψ˜1UV
∂x
λ2U −
∂ψ˜2UV
∂x
λ1U
)
−
(
∂φ1V
∂y
f 2UV −
∂φ2V
∂y
f 1UV
))
, (4.2.8)
for j = 1, 2. We refer to (4.2.5)—(4.2.8) as splitting equations. The equations
in (4.2.5) and (4.2.6) are cohomological relations. In the case where these atlases
correspond to deformations of super Riemann surfaces X and X˜ respectively, (4.2.5)
and (4.2.6) are equivalent to the constraint KS0(πX ) = KS0(πX˜ ). The other two
equations are a little more mysterious. However, for second order deformations of
super Riemann surfaces, they admit a nice simplification.
4.2.2. On Deformations of Second Order. Let X be a second order deformation of
a super Riemann surface and suppose (U, ϑ) is a superconformal atlas for X . We
assume firstly that the genus g of the super Riemann surface satisfies g > 1; and
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secondly that KS0(πX ) = 0. Recall the following constraint from Corollary 3.9:
∂ψ1UV
∂x
ψ2UV = ψ
1
UV
∂ψ2UV
∂x
. (4.2.9)
Under the assumption of a vanishing Kodaira-Spencer class, this identity was used
to prove Proposition 4.2. We will make use of it here also. With ψiUV = ζUV φ
i
U −φ
i
V
the constraint in (4.2.9) leads to the following equation:
0 =
∂ζUV
∂x
(
φ2Uφ
1
V − φ
1
Uφ
2
V
)
(4.2.10)
+ ζUV
(
∂φ2U
∂x
φ1V −
∂φ1U
∂x
φ2V
)
(4.2.11)
+ ζ2UV
[(
∂φ1U
∂x
φ2U − φ
1
U
∂φ2U
∂x
)
+
(
∂φ1V
∂y
φ2V − φ
1
V
∂φ2V
∂y
)]
(4.2.12)
+ ζ3UV
(
φ1U
∂φ2V
∂y
− φ2U
∂φ1V
∂y
)
. (4.2.13)
As argued in Proposition 4.2, in order for the above equation to hold it is necessary
for each term proportional to powers of ζUV vanish. Since (4.2.9) holds on all in-
tersections U ∩ V , then so do the equations (4.2.10)—(4.2.13). In looking at these
equations on a self-intersection U ∩ U (resp. V ∩ V ) note that (4.2.11) and (4.2.13)
will imply:
∂φ1U
∂x
φ2U − φ
1
U
∂φ2U
∂x
= 0 and
∂φ1V
∂y
φ2V − φ
1
V
∂φ2V
∂y
= 0. (4.2.14)
The above observations have the following consequences on the splitting equations.
Concerning the terms in (4.2.7), see that:
λ1V ψ
2
UV − λ
2
V ψ
1
UV = φ
1
V
(
ζUV φ
2
U − φ
2
V
)
− φ2V
(
ζUV φ
1
U − φ
1
V
)
= ζUV
(
φ1V φ
2
U − φ
2
V φ
1
V
)
= 0 by (4.2.10). (4.2.15)
We have used that λ1 = φ1 since these are solutions to the coboundary equations in
(4.2.5) and (4.2.6) for the Kodaira-Spencer representatives f i and ψi; and moreover
that we identify f i and ψi by superconformality in (3.2.5).
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Regarding the terms in (4.2.8) we have,
∂φ1V
∂y
f 2UV −
∂φ2V
∂y
f 1UV =
∂φ1V
∂y
(
ζ2UV λ
2
U − ζUV λ
2
V
)
−
∂φ2V
∂y
(
ζ2UV λ
1
U − ζUV λ
1
V
)
= ζUV
(
∂φ1V
∂y
φ1V −
∂φ1V
∂y
φ2V
)
− ζ2UV
(
φ1U
∂φ2V
∂y
− φ2U
∂φ1V
∂y
)
= 0, (4.2.16)
which follows from (4.2.13) and (4.2.14).
4.2.3. The Splitting Map for Deformations. We have seen what the splitting equa-
tions are. In addition to them, the splitting conditions are the conditions under
which a splitting map will exist. Such conditions were identified in Lemma 4.5 and
they can be read off directly from the splitting equations (4.2.5)—(4.2.8) by taking ϑ˜
to be split (i.e., setting f˜ i = ψ˜i = g˜12 = ζ˜12 = 0). As a corollary of our calculations
in (4.2.15) and (4.2.16) we have:
Corollary 4.6. Let X be an odd, second order deformation of a super Riemann
surface of genus g > 1 and suppose (U, ϑ) is a superconformal atlas for X . The
splitting conditions for this atlas are:
f jUV =
∂fUV
∂x
λjU − ζUV λ
j
V ; (4.2.17)
ψjUV = ζUV φ
j
U − φ
j
V ; (4.2.18)
g12UV =
∂fUV
∂x
λ12U − λ
12
V ; (4.2.19)
ζ12UV = ζUV φ
12
U − ζUV φ
12
V +
∂ζUV
∂x
λ12U (4.2.20)

We begin now with the assumptions in the statement of Theorem 4.4. Fix an
odd, second order deformation X of a super Riemann surface S of genus g > 1 and
suppose ωX = 0. We want to deduce then that X is in fact split. In order to do so,
we need to show that X admits a split atlas. Since X is a deformation of a super
Riemann surface, it will admit a superconformal atlas (U, ϑ) with ϑ = {ρUV ;ξ} as in
(4.2.2) and (4.2.3). In Corollary 4.6 we find the splitting conditions for X . Observe
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that (4.2.17)—(4.2.19) are equivalent to the assumption ωX = 0 by Proposition 4.3.
Hence we can solve for a 0-cochain Λ = {ΛU} such that (4.2.17)—(4.2.19) will hold.
It remains to show that we can then solve (4.2.20) and hence deduce that Λ will in
fact be a splitting.
Using again the assumption that (U, ϑ) is superconformal, recall that
ζ12UV =
1
2
ζ−1UV
∂g12UV
∂x
from Corollary 3.9;
=
1
2
ζUV
(
∂λ12U
∂x
−
∂λ12V
∂y
)
+
∂ζUV
∂x
λ12U from (4.2.19).
In comparing now with (4.2.20) we see that Λ = {ΛU} will be a splitting iff we can
solve:
ζUV
(
φ12U −
1
2
∂λ12U
∂x
)
= ζUV
(
φ12V −
1
2
∂λ12V
∂y
)
.
This is of course possible since the 0-cochain {φ12U } is a priori unconstrained by the
assumption ωX = 0.
We conclude that any superconformal atlas (U, ϑ) for a deformation X piX→ C0|2 of
a super Riemann surface with genus g > 1 can be split. The splitting is explicitly,
Λ+U = x+ λ
i
Uξiθ + λ
12
U ξ12 and Λ
−
U = θ + λ
i
Uξi +
1
2
∂λ12U
∂x
ξ12θ.
Since X will always admit a superconformal atlas up to isomorphism, it follows that
spltting a superconformal atlas for X will define an isomorphism of X with its split
model.
This concludes the proof of Theorem 4.4. 
5. Concluding Remarks
In this article we have studied the infinitesimal and second order deformations of a
super Riemann surface as complex supermanifolds. Our methods were largely Čech-
theoretic and sheaf-cohomological. However, they can just as easily be described
using a Dolbeault model. Concerning the second order deformations, such a model
was presented in [DW14]. There, a gauge-invariant pairing between the deformation
class of X (which here would be related to the primary obstruction ωX ) and the
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primary obstruction class of supermoduli space Mg is constructed. It would be in-
teresting to see if this pairing can be extended to deformations X of any order n > 2;
and whether it might be more clearly related to the primary obstruction class of X .
Our focus in this article has been on the primary obstruction class ωX . When X is
an odd deformation of a super Riemann surface S and of second order, it is (1|3)-
dimensional as a complex supermanifold. This means Lemma 2.4 does not apply and
so ωX need not classify X . Hence it is perhaps surprising to find, when the genus g
of S satisfies g > 1, that ωX will nevertheless classify X in the sense of Theorem 4.4.
This leads therefore to a natural question regarding deformations of higher order.
Question 5.1. Let X
piX→ C0|n, for n > 2, be a deformation of a super Riemann
surface S with genus g > 1. Suppose moreover that the primary obstruction class to
splitting X vanishes. Then is X split as a supermanifold?
Regarding the assumption on the genus, our arguments hold more generally for
genus g 6= 1. The main problem in genus g = 1 is that T 1/2C will be a line bundle
of degree zero. Hence it could be trivial in which case the argument in Proposition
4.2 need no longer hold. Furthermore if T 1/2C is trivial, then H
0(C, T
1/2
C )
∼= C which
means the following piece of the long exact sequence on cohomology
· · · −→ H0(T
1/2
C ⊕ T
1/2
C ) −→ H
1(TC)
ι∗−→ H1(∧2E ⊗ TC) −→ · · ·
need not imply ι∗ will be injective. As such we cannot conclude ωX = 0⇒ g(πX ) = 0
as in Proposition 4.3. It is thus natural to pose the following question:
Question 5.2. Does there exist an odd, second order, non-split deformation of a
genus one super Riemann surface whose primary obstruction class vanishes?
Such a deformation affirming the above question would be an interesting and
instructive illustration of higher obstruction theory for supermanifolds.
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